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We investigate the brane exchange in the framework of N = 2 MQCD by using a 
specific family of M fivebrane configurations relevant to describe the baryonic branch 
root. An exchange of M fivebranes is realized in the Taub-NUT geometry and controlled 
by the moduli parameter of the configurations. This family also provides two different 
descriptions of the root. These descriptions are examined carefully using the Taub-NUT 
geometry. It is shown that they have the same baryonic branch and are shifted each other 
by the brane exchange. 



1 Introduction 

Recently, many interesting results about supersymmetric gauge field theories in various dimen- 
sions have been obtained by analyzing the effective theory on the worldvolume of branes in 
superstring theory. These field theories can be realized by branes mostly in Type IIA or Type 
11B superstring theory, but particularly an interesting configuration, which describes N = 2 
supersymmetric QCD, has been proposed in JIJ within the framework of M-theory In this 
construction a mysterious hyper-elliptic curve, which is used for the description of the exact so- 
lution of the Coulomb branch of N = 2 supersymmetric QCD, appears as a part of a M-theory 
fivebrane. This M-theory fivebrane description of QCD is called as MQCD for short. 

It is pointed out || |], U H that there exist various dualities between supersymmetric gauge 
field theories and these dualities play an important role for our understanding of their non- 
perturbative dynamics. Several steps to clarify an origin of these dualities from the string 
theory viewpoint have been taken. For example, the mirror symmetry in three-dimensional 
gauge theory besides the non-Abelian duality in N = 1 four- dimensional gauge theory possibly 
reduce to an exchange of branes in Type IIB or Type IIA theory [||, |7J. In this course of 
explanation, we need a novel concept that a brane can be created when two different branes 
cross each other. However, since this phenomenon of the crossing is owing to the strong coupling 
dynamics of Type IIA or Type IIB theory, it is still difficult to treat it correctly in these theories. 

On the other hand, M-theory fortunately includes the strong coupling dynamics of Type 
IIA theory in its semi-classical description ||. So one can expect that the "brane creation" 
accompanied by exchanging branes can be understood via semi-classical analysis of M-theory. 
One of the motivations of this paper is to understand the process of brane exchange in Type IIA 
theory from a point of view of M-theory brane configuration. Our approach has some resem- 
blance to the field theoretical approaches to prove the non-Abelian duality by studying a flow 
from N = 2 theory to N = 1 theory || |I], |TT[ . In these approaches the dual theory is obtained 
as the flow from an effective theory at the baryonic branch root. Here the baryonic branch is 
one of Higgs branches in N = 2 supersymmetric QCD, where the gauge symmetry is completely 
broken by the Higgs mechanism and "baryonic" fields can have vevs, and "root" means vacua 
where the Higgs branches meet the Coulomb branch. We study a specific family of M-theory 
configurations which realize this baryonic branch root by taking a suitable scaling limit. It 



consists of curves of N = 2 MQCD fivebranes having a discrete Tj2n c -n s symmetry and being 
maximally degenerated. We investigate the brane exchange in this M-theory configurations 
and will give a detailed interpretation of the brane creation by exchanging branes. 

In section 2 we study a realization of iV = 2 supersymmetric theory by M-theory fivebrane 
configuration. In this description the worldvolume of fivebrane includes a hyper-elliptic curve, 
the so-called Seiberg-Witten curve, as a part. When the underlying field theory does not have 
a matter hypermultiplet, this curve is embedded in the flat space, while if including matter, the 
curve becomes one embedded into a multi Taub-NUT space. This embedding of the curve is 
studied in detail by using a concrete metric of the multi Taub-NUT space. We also classify the 
BPS states in N = 2 MQCD with respect to topology of M-theory membranes with minimal 
area. 

In section 3 we consider the aforementioned configurations of M fivebrane. They are con- 
structed by modifying curves of a finite (scale-invariant) gauge theory so that fivebranes have 
definite positions, which becomes important to explain the exchange of fivebranes in M-theory. 
Besides this, the bare coupling constant r of the finite gauge theory plays the role of a modulus 
of these configurations which controls the asymptotic position of fivebrane. Namely it is a 
family of M fivebrane configurations parametrised by r. Changing the value of the bare cou- 
pling constant and considering the configuration at each value we find that the brane exchange 
actually occurs on a semi-circle with radius one in the upper half r-plane. Physical significance 
of this brane exchange becomes clear when the underlying field theory is investigated. On 
this semi-circle the original configuration (|r| > 1) which describes the baryonic branch root 
of the "electric" theory shifts to a dual one. This dual theory (|r| < 1) has solitonic states 
of the original theory as elementary massless spectrum. The brane exchange simultaneously 
exchanges elementary states and solitonic states. The dual configuration provides another de- 
scription of the baryonic branch root of N = 2 MQCD. Therefore one can expect that these 
two configurations give the N = 1 non-Abelian dual brane configurations [[7], [12] after rotating 



a part of brane [TBI, [TJ], ITS 



2 M-theory fivebranes, membranes and MQCD spectra 



2.1 Background space-time geometry 

Four-dimensional gauge theories with N = 2 supersymmetry can be realized as effective theories 
on the world-volume of a M-theory fivebrane. A different type of gauge theories requires a 
different topology of M-theory fivebrane and a different eleven-dimensional background where 
the fivebrane is embedded. This realization of N = 2 supersymmetric QCD via the world- 
volume effective theory of the M-theory fivebrane is called N = 2 M-theory QCD (MQCD 
for short.) MQCD does not exactly coincide with an ordinary supersymmetric QCD in four- 
dimension, but is considered to belong to the same universality class. Moreover many difficulties 
appearing in the field theoretical analysis of the supersymmetric QCD vacua, which are mainly 
due to their singularities, are resolved within the framework of M-theory. So, MQCD is a very 
useful tool for our understanding of the dynamics of supersymmetric QCD. 

Consider an eleven- dimensional manifold M 1 ' 10 of M-theory. Let us suppose M 1,10 admits 
to have the form 

M 1 ' 10 ~ R 1 ' 3 x X 7 . (2.1) 

R 1 ' 3 is the four-dimensional space-time where N = 2 supersymmetric theory will exist. X 7 
is a (non-compact) seven- dimensional manifold which suffers several constraints due to the 
requirement of iV = 2 supersymmetry on the worldvolume. The supersymmetry of M-theory in 
the eleven-dimensions is generally broken by this product space structure of M 1 ' 10 . However, if 
the submanifold X 7 has a non-trivial holonomy group, some of supersymmetries are survived on 
the four-dimensional space-time R 1,3 . Recall that we ultimately realize N = 2 supersymmetry 
on the worldvolume of a M-theory fivebrane, strictly speaking, on its four-dimensional part 
which is identified with R 1 ' 3 in ( |2.1| ). The fivebrane itself will be introduced soon later as a 
BPS saturated state which breaks the half of the surviving supersymmetries. So, with this 
reason, we must take X 7 as a submanifold which keeps N = 4 supersymmetry on the four- 
dimensional space-time R 1 ' 3 . Namely, the holonomy group of X 7 is required to be isomorphic 
to 577(2). It is the subgroup of a maximal holonomy group 50(7) for a generic seven- manifold. 
This requirement for the holonomy group reduces the seven-manifold X 7 to be 

X 7 ~ R 3 x Q 4 , (2.2) 

where R 3 is a flat three-manifold and Q 4 is a four-manifold with SU(2) holonomy, that is, a 



hyper-Kahler manifold. This hyper-Kahler manifold should be chosen appropriately according 
to whether the theory on R 1 ' 3 contains matter hypermultiplets or not. 

2.2 Pure N = 2 MQCD 

Let us describe a configuration of M-theory fivebrane suitable to our purpose. Since we would 
like to leave N = 2 supersymmetry on R 1,3 as the supersymmetry of the worldvolume effective 
theory of fivebrane, the worldvolume must fill all of R 1,3 . The rest of the fivebrane is a two- 
dimensional surface E in X 7 . 

The Lorentz group 50(3) ~ SU(2)/Z 2 of R 3 in (2.2) turns out, by considering its action on 



covariantly constant Majorana spinors on R 1,3 , to be the .R-symmetry of N = 2 supersymmetry 
algebra. In order to preserve this symmetry E must lie at a single point in R 3 . It can only 
spread in Q 4 as a two-dimensional surface. To summarize, the worldvolume of the fivebrane 
must be R 1 ' 3 x E where R 1,3 is identified with the four-dimensional space-time and E is a 
two-dimensional surface embedded in Q 4 . 

Further restriction on the fivebrane world-volume is that it must be BPS-saturated in order 
to preserve a half of supersymmetries. This is achieved by the minimal embedding of E into 



Q . The area A% of the surface E is bounded from the below [^, [24], |25|, |26] 



A s >^/ e O;e, (2.3) 

where ujy, is the pull-back of a Kahler form u of the hyper-Kahler manifold Q 4 . This inequality is 
saturated if and only if E is holomorphically embedded in Q 4 with fixing an appropriate complex 
structure. Namely, if we introduce a complex structure of Q 4 and define its coordinates by two 
complex parameters y and v, the surface E is a curve in Q 4 defined by a holomorphic function 

F(y,v)=0. (2.4) 

Let E be a Riemann surface with genus N c — 1. Then there appear N c — 1 massless vector 
multiplets on R 1,3 |]IE| . So, the effective theory on R 1,3 is a supersymmetric [/(l)^" 1 gauge 
theory. In particular let a Riemann surface be the Seiberg-Witten curve 0, |3|] for the pure 
SU(N C ) gauge theory 0, [L8 . 

N c 

yi-2l[(v- ( f )a )y + A 2N c = 0. (2.5) 
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Figure 1: M-theory fivebrane and configuration in Type IIA theory. 



If one regards this as a quadratic equation in y, two roots have the forms 
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(2.6) 



which are considered as a double-sheeted cover of f-plane and have N c branch cuts on each 
sheet. 

We now take, as the four- manifold Q A , a flat space Qo — R 3 x S 1 with coordinates 
(v,b,a) = (x 4 + ix 5 , x 6 , x w )/R, where R is a compactified radius of M-theory. These two 
sheets are embedded by the relation y = exp(— b — ia) into R 3 x S 1 , connected by the 
branch cuts. The stretching and connecting parts of fivebrane wrap once around the circle of 
the eleventh-dimension, so these parts become iV c D fourbranes in Type IIA picture. After 



all, the single fivebrane in M-theory described by curve (2.5) becomes two NS fivebranes with 
worldvolume (rr ,^ 1 ,^ 2 , x 3 ,x 4 ,x 5 ) and A^ c D fourbranes with worldvolume (x ,^ 1 ,^ 2 ,^ 3 , [x 6 ])Q 
stretching between them in x 6 direction. See Fig.|l]. 



2.3 N = 2 MQCD with matter 

In Type IIA picture an inclusion of Nf matter hypermultiplets into the above pure gauge the- 
ory can be achieved by considering Nf D sixbranes with worldvolume (x°,x l ,x 2 ,x 3 ,x 7 ,x 8 ,x 9 ) 
and then putting these sixbranes between two NS fivebranes. In such a configuration there 
appears N = 2 SU(N C ) supersymmetric QCD with Nf flavors on their common worldvolume 



D ] describes a finite interval. 



(x°, x 1 , x 2 ,x 3 ). This is because the open string sector between N c D fourbranes and Nf D 
sixbranes of the configuration gives hyper mult iplets which belong to the fundamental represen- 
tations both of the gauge and flavor groups. 

D sixbranes could be regarded as the "Kaluza-Klein monopoles" of M-theory compactified 
to Type IIA theory with a circle S 1 , since they are magnetically charged with respect to the U(l) 
gauge field associated with S 1 . The Nf sixbranes transmute |^D| the flat space Q = R 3 x S 1 into 



the multi Taub-NUT space Q, which is still hyper-Kahler manifold. Since the sixbranes play 
the role of matter hypermultiplets, the Seiberg-Witten curve which is a part of the fivebrane 



in M-theory changes to the curve of N = 2 supersymmetric QCD with Nf flavors |19], |30 



N c «/ 

y 2 - 2 I] (v ~ My + A 2Nc ~ N f II(« " e*) = °> ( 2 -7) 

a=l i=l 

where ej are the bare masses of the matter hypermultiplets and identified with the positions of 
the sixbranes in f-plane. Now the above curve is embedded in the multi Taub-NUT space Q. 
To provide a detailed description of the embedding of curve (|2.7| ) into the multi Taub-NUT 
space Q, we will first deal with the multi Taub-NUT metric. The multi Taub-NUT metric has 



the following standard form [EI 



ds 2 = -dr i + ^-(da + u-df) 2 , (2.8) 

where we introduce the coordinates r*and a of the four-dimensional space Q. The potential V 
is given by 

^ = 1 + E^^, (2-9) 

where f^ represents the position of the i-th sixbrane. The U(l) gauge field A = u) ■ df is 
determined by the relation 

Vxu = W. (2.10) 



Since Q is a hyper-Kahler manifold it will have a complex structure which fits curve (|2.7f ). 
With such a complex structure one may expect that the multi Taub-NUT metric becomes 
Kahler. In order to describe it, let us separate r into two parts, b G R and v G C. Using these 



variables, metric (|2.8| ) acquires the form |27| 



i ^x.j, , 1 ( 2d y uA ( 2d V 



with 



ds 2 = —dvdv + — [—*-- Sdv \[—^--Sdv\ (2.11) 

4 4V \ y \ y I 



JV / 1 
^ = 1 + £a7' ( 2 - 12 ) 

y = Ce-^^lK-b + k + A,) 1 / 2 , (2.13) 

8=1 

X 1 b-h + i 
7[ Aj f - e. 



« - £^^. (»4) 



A, = ^(6-^)2 + ^-^12, (2.15) 

where C is a constant and (hi, e\) represents again the position of the i-th sixbrane in this 
coordinate. While y in eq. (|2.13|) is determined rather explicitly by v,b and a, one can also 
regard that v and y give the holomorphic coordinates of Q. With this complex structure the 
multi Taub-NUT metric becomes Kahler as is clear from fl2.11|) . The Kahler form u is given by 



u, = iY-dv Adv + ^-t^-- Sdv) A ( ^ - Sdv) , (2.16) 



and the holomorphic two-form Q becomes 

n = -dvA^-, (2.17) 

2 y 

which satisfies the relation, |o> A cj = fi A Q. 

Instead of y in ( |2.13|) one can also take another choice of the holomorphic coordinates of 



Q which corresponds to another branch of curve Q2.7|) . It can be given by the holomorphic 
coordinates (v,z), where z is introduced by 



N f 

z = c'e {b+t ° )l2 J] r-^r( 6 - h i + A *) 1/2 - ( 2 - 18 ) 



i=l 



Notice that z is related to y by the relation 



yz = A 2N °- N ']l(v-e i ). (2.19) 

»=i 



2 



We derive expression (p. 11) of the multi Taub-NUT metric by applying the technique investigated by 



Hitchin |p2| . In appendix A, we present the derivation to make this article a self-contained one. 
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Figure 2: Sections of the Seiberg-Witten curves £ in M theory, (a) is for asymptotically free theory 
(N f < 2N C ), (b) is for IR free theory (N f > 2N C ) and (c) is for finite theory (N f = 2N C ). The distance 
of two NS fivebranes at large v is infinite, zero and finite, respectively. 

Eq. Q2.19Q shows that Q describes a resolution of Ajv>-i simple singularity, yz = v Nf . It 
is resolved by a chain of (Nf — 1) holomorphic two-cycles. Each two-cycle intersects the next 
at the position of one of these Nf sixbranes. Let us denote a two-cycle between two sixbranes 



(e;, hi) and (ej+i, b i+ i) by Cj. Integrals of the two-forms to and Vt on Ci become p7| 



n 



c\ 



CO 



c, 



2n(b i+1 



(2.20) 
(2.21) 



which give the difference between the positions of these two sixbranes^. 

The curve E described by eq.( |2.7|) is embedded into Q by using the holomorphic coordinates 
(v,y) given above. Since y is related with b and a by eq.( |2.13| ) it makes possible to describe 
the embedding of the curve S, say, in (v, 6)-space. Some cases are sketched in Fig.||. 



2.4 Membranes and BPS states 

In this subsection we classify the BPS states of N = 2 MQCD according to the topology of 
membrane. 

Let us consider a membrane which worldvolume is R x D, where a two-dimensional surface 
D is embedded into Q with its boundary C = dD lying on the curve E. Area of the membrane, 



3 These periods are derived by following 123] . In appendix B, we summarize them. 



which is proportional to the membrane mass, satisfies the inequality |23], ^4], ^5], ^ 

1 



An > - 

D ~ 2 



D 



(2.22) 
where Qp is the pull-back to D of the holomorphic two- form ( 2.17 ). Qr> can be written as an 



exact form on D, that is, Hd = d\ where A = ~v-%. Then the integral in the r.h.s. of inequality 



( 2.22 ) can be evaluated as a boundary integral 



Q D = i A. (2.23) 

D JC 

This boundary integral is nothing but the Seiberg-Witten mass formula for four-dimensional 
N = 2 theories. In particular A can be regarded as the Seiberg-Witten differential 0, [|. Thus 
the membrane of minimal area gives the BPS saturated state of N = 2 MQCD with its mass 
being its area up to the membrane tension. 

Quantum numbers of the BPS saturated state or the membrane of minimal area can be read 
from homology class [C] of its boundary in -£/i(S, Z). We will examine some simple examples 
of these BPS saturated membranes. 

Gauge fields and W bosons appear as Type IIA strings stretching between same or different 
D fourbranes. In M-theory, since IIA string corresponds to a membrane wrapping around a 
circle of the compactified eleven- dimension, gauge fields and W bosons can be identified cylin- 
drical membranes connecting between cycles 04 on the curve E. c^ is a closed path surrounding 
the i-th branch cut on the Riemann sheet of E. If two cycles are coincident the correspond- 
ing membrane of minimal area represents gauge boson, otherwise W boson. Both states are 
electrically charged and integrals (|2.23|) on the cycles c^ give their correct BPS masses. 

Electrically charged matter (quark) hypermultiplets are Type IIA strings between D four- 
branes and D sixbranes. In M-theory they are the membranes connecting the cycles a« and 
the sixbranes. Topology of these membranes is a disk with a puncture at the position of the 
sixbrane. It is like a cone. Since the Seiberg-Witten differential A has a pole at v — ej with its 
residue equal to the bare mass ej, the BPS mass of the membrane is sum of the period along 
the cycle Oj and the bare mass ej. This also agree with the result of ||. 

Monopole is a magnetically charged hyp er mult iplet. Therefore the boundary of the corre- 
sponding membrane must be on a cycle j3i dual to ckj. Topology of this membrane is a disk. 
Therefore integral (|2.23j ) gives the correct monopole mass. 



9 




(a) (b) 





Figure 3: Topology of the minimal surfaces in Q corresponding to the BPS saturated states in N = 2 
MQCD. (a) electrically charged gauge boson or W boson in vector multiplet. (b) electrically charged 
quark with bare mass ej in hypermultiplet. (c) magnetically charged monopole in hypermultiplet. (d) 
gauge singlet quark - anti-quark bound state, ("meson".) 

Finally, let us consider a slight curious state in N = 2 MQCD. Suppose that two membranes 
representing quark hypermultiplets have their common boundary on the a-cycies of S. If one 
paste these two membranes along their common boundary, one can obtain another membrane 
which have a sphere topology with two punctures at the positions of the sixbranes. This state is 
not charged under the gauge group. This gauge singlet state will represent the quark and anti- 
quark bound state, that is, "meson" hypermultiplet M l , = Q l a Q a j. However, since this membrane 
does not end on the fivebrane, the state does not appear in the worldvolume effective theory 
on R 1 ' 3 . So we must add the worldvolume R 1 ' 3 to the "meson" and regard it as a fivebrane 
with worldvolume R 1,3 x S 2 , where S 2 is a two-sphere in the multi Taub-NUT space Q. 

This two-sphere in Q can be identified with the two-cycle which resolve the simple singu- 
larity. When the theory enter the Higgs branch, a part of the fivebrane described by the curve 
begins to wrap the two-cycle and divides into "meson" parts 0. According to the analysis of 
the embedding of the curve into Q, the number of these fivebranes wrapping the two-cycles 



is exactly equal to the dimensions of the Higgs branch |14|, |27| . Therefore the above "meson 



variables parameterize the moduli space of the Higgs branch. 
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3 Baryonic branch root of MQCD 

In this section we will examine the root of baryonic branch from the MQCD view-point. The 
baryonic branch and the Coulomb branch encounter with each other at this root. Field theo- 
retical analysis |10| shows that the baryonic branch root is a single point where the underlying 



theory is invariant under the Zi2N c -N f discrete symmetry (anomaly-free subgroup of the classi- 
cal U(1)r symmetry). Though the SU(N C ) gauge symmetry is broken to U(l) Nc ~ 1 at a generic 
point of the Coulomb branch, SU(Nf — N c ) x U(l) 2Nc ~ f non-Abelian gauge symmetry is al- 
lowed at this root and the corresponding gauge theory can be regarded as a IR-effective theory 
of the root. Moreover, this IR-free SU{N f - N c ) x U(l) 2Nc ~ N f gauge theory has 2N C - N f 
massless singlet hypermultiplets charged only by the U(l) factors in addition to Nf quark hy- 
permultiplets which belong to the fundamental representations of SU(Nf — N c ). A baryonic 
branch of this IR-effective theory exactly coincides with the baryonic branch of the original 
microscopic SU(N C ) theory. Original microscopic theory and IR-effective theory will be called 
respectively as "electric" theory and "magnetic" theory. 

If one flows the IR-effective theory of the baryonic branch root from N = 2 to iV = 1 by 
giving a mass to the adjoint scalar field, we naively expect to obtain N = 1 SU(Nf — N c ) 
gauge theory, which is a non-Abelian dual to the original gauge theory. In terms of brane 
configuration this flow can be interpreted as a rotation of a part of fivebrane [13, [14], JT5J. While 



this observation, the non-Abelian duality of iV = 1 gauge theories can be explained as the 
exchange of a NS fivebrane and rotated one in the N = 1 brane configuration of Type IIA 
theory and M-theory [p~| . 



If these two operations are reversible, we may first exchange fivebranes in M-theory con- 
figuration and expect the same result after the rotation. Since the brane exchange could be 
related with the strong coupling dynamics of string theory, to consider it first in the Taub-NUT 
geometry, which is rather tractable than the Calabi-Yau threefold, will provide new insight on 
the duality. In order to exchange fivebranes in the M-theory configuration, we need their exact 
positions in the multi Taub-NUT space. As we can see in Fig.||], for the AF theory and IR-free 
theory the corresponding fivebrane has no definite position, but for the finite theory the posi- 
tion of fivebrane asymptotically approaches to a definite value since the coupling constant of 
the theory does not run. So we may utilize a curve of the finite theory in our description of the 
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brane exchange in M-theory. 

3.1 Configuration of fivebrane inspired by finite theory curve 

Let us first recall that the Seiberg-Witten curve of Nf = 2N C finite theory has the form [J30J [10 



y 2 - 2 Y[(v - <p a )y - h{h +2)H{v- he s - e 3 ) = 0, (3.1) 

a=l j=l 

where es = ^r J2 e j is the center of the bare masses e.,. h is a specific modular function of the 
bare coupling constant r = - + ^? and is given by 



Notice that A(r) is the following automorphic function 



1+q 2n \8 



with q = e mT . The modular transformation of A(r) are |JT| 

S : A(-1/t) = 1-A(t), (3.5) 

which implies that A(r) is invariant under the action of the congruence subgroup of level 2 



r-(2): { | a b l e.smZ) 

c d 



b, c even 



(3.6) 
Let T be a fundamental domain for T(2) depicted in Fig.^. The function A(r) maps the set 



JF, one-to-one, onto C U {oo}. Since A(r) satisfies the relation A(r) = A(— r), it follows that 
Re A(t) = 1/2 for v r G L = jFfi { r | |r| = 1}. Moreover, one can find that 



ReA(r)<l/2 in A = T n { r | \r\ > 1}, 
Re A(r) > 1/2 in 5 = T n { r | |r| < 1}. 

These properties of A(r) will be important for later discussions. 



(3.7) 
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-1 -1/2 



Figure 4: Fundamental domain T for T(2). 

As a result, h{r) satisfies the modular property h — > —(h+ 2) under r — > — 1/r. Therefore, 
the Seiberg-Witten curve ( |3.1|) , which describes the Coulomb branch of the theory, is invariant 
under S'-transformation if the bare masses admit to be transformed as 



(3.* 



With these transformations the Coulomb branch acquires a SL(2, Z) symmetry. We may call 
it the SL(2, Z)y symmetry since the Coulomb branch is the moduli space of vector multiplets. 
Now let us examine a family of the baryonic branch root embedded in the finite theory. 
Since the baryonic branch has the Z 2 N C -N f symmetry, we require first the finite theory curve 
to have this symmetry. By this requirement the vevs of the adjoint scalar field and the bare 
masses must be of the form 



(0, . . . , 0, ipu, ipu 2 , . 



2N,-N 



(0. 



, 0, mu, muj , 



, muo 



r 



2N C -N 



I 



(3.9) 
(3.10) 



N } -N c 



where u 2Nc f = 1. Then, curve fl3.1p becomes 

y 2 _ 2v N f -N c{v 2N c -N f _ V 2N C -N f)y _ ^ + 2)v N f ^2N c -N f _ m 2N c -N f) = Q 



(3.11) 



Further requirement on the curve is that it should be maximally degenerated at the baryonic 
branch root. Namely, all cycles on the curve must vanish. To establish this, we first rewrite 
curve (|3.11|) in a quadratic form of Y = y — Y\a=i( v ~ 0a) 

Y 2 = v 2(N f -N c ) ^ V 2N C -N f _ ^2N C -N }) 2 + ^ + 2 yN c -N f ^2N c -N f _ ^TV.-A^ j ^^ 
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When the r.h.s. of (|3.12| ) becomes a perfect square, all the branches disappear and therefore all 



the cycles vanish. The Riemann sheets of the hyperelliptic curve are decoupled to two complex 
planes. This situation can occur if and only if the relation 

m™*-"* = -jL-<p™°~ N t, (3.13) 

-h{T) 

or 

m ™°-»f = —1 ^~ N f (3.14) 

h(r) + 2 

is satisfied. Note that these two relations are equivalent in the sense that modular transforma- 



tion t — » — 1/r exchanges Q3.13| ) and ( p. 14 ). So it is enough to study only the former without 



loss of generality. However, this S'-transformation of the position of sixbranes does not satisfy 
( |3.8|) . So it breaks the SL(2,Z)y symmetry, which means that configuration ( |3.13| ) does not 
belong to the category of finite theory curve, but it is still meaningful as a M-theory brane 
configuration and, after taking a suitable scaling limit, it turns out to describe the baryonic 
branch root. 



When relation ( 3.13 ) is satisfied the curve becomes the perfect square 

Y 2 = v 2 ^- N ^ {(h + l)v 2N «- N i + ip 2N <- N f} 2 . (3.15) 

Or equivalently two roots of fl3.11|) with respect to y describe two independent complex planes 



without any branch 

' y+ = (h + 2)v N °, 

y _ = _ v N f -N c ^ hv 2N c -N f+2(p 2N c ~N f y 

It means that the single fivebrane embedded in the multi Taub-NUT space now decouples to 
two parts. As we discuss subsequently these two fivebranes admit to have an intersection in 
the Taub-NUT space. Though the intersection itself has its origin in the branch cuts of the 
Riemann sheets, its behavior for a given r, if one consider it in the Taub-NUT space, is quite 
different depending on the value of r. 
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3.2 Intersection of fivebranes in the Taub-NUT space 



We examine their intersection in the Taub-NUT space in detail. Recall the embeddings of two 
fivebranes ( 3.16|) are given by the equations 



y+ 
v- 



Ce -(b + +i« +) /2 u m 



j= i\ 



-b+ + h + Ai 



Ce -(b-+i*-)/2 n^f (-6_ + bi + A t 



Their intersection in the Taub-NUT space can be handled by the equation b + (v) 

implies 

11 



Va 



y- 



(3.17) 
b-(v), which 

(3.18) 



This can be regarded as an equation for v. The allowed values of v, that is, solutions of 
the equation, describe the intersection projected to w-plane. Inserting explicit forms (|3.16| ) to 
( |3.18|) , after a little calculation, we obtain 



1- 



M 
~V 



1- 



A(r) 



(3.19) 



where V 



,2N C -N 



> and M 



m 



2N C -N 



. An implication of eq.( |3.19| ) may be tractable if one 
considers it in ^/-plane rather than f-plane. Now M gives the sixbrane position on ^/-plane. 
Let us take M as a positive real quantity and set V = X + iY . Then eq.( |3.19|) becomes 



X- 



|A| 2 M' 
27-1. 



+ Y" 



A(A-1)M 



2 T -1 



where 7 = Re A. If 7 7^ 1/2 it describes a circle centered at X 



(3.20) 



IAI 2 

^■M on X-axis with radius 

27— 1 



R = 



A(A-l) 

27-I 



M. Let us comment some details on this intersection ( p.20| ). It can be classified 
into the following three cases. 

When 7 is less than 1/2 (i.e. \r\ > 1), it holds that X < and < X + R < M. 
So the origin is inside of the circle and the sixbrane is located outside of the circle. When 
7 is equal to 1/2 (i.e. \r\ = 1), (|3.19|) describes a straight line between the origin and the 
sixbrane; X = ~M. Finally, when 7 is greater than 1/2 (i.e. \r\ < 1), it holds that X > and 
< Xq — R < M < Xq + R. So the origin is outside of the circle while the sixbrane is inside 
of the circle. They are depicted in Fig|| 

Since v is a (2N C — Nf)-th root of V, these circles and line are copied 2N C — Nf times on 
the original f-plane. Namely, the circle or line in each case becomes a single wavy circle which 
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-e- 

M 



X=M/2 




(i)y<l/2(lTl>l) 



(ii) y=l/2 (kl=l) 



(iil) y>l/2 (Ixkl) 



Figure 5: Intersections of two fivebrane on U-plane. 




(i) y<1/2 (ltl>l) 



(ii) y=1/2 (1x1=1) 



o 



-Q- 







b_ 







-e- 



o 



(iii) y>i/2 (Itkl) 



Figure 6: Intersections of two fivebrane on f-plane. Dots represent the positions of the sixbranes. 
The case of 2N C — Nf = 6 is sketched as an example. 

surrounds the origin, 2N C — Nf parabolic lines or 2N C — Nf circles surrounding each sixbrane, 
respectively. These intersections of two fivebranes in the Taub-NUT space are depicted in Fig|| 

3.3 Weak coupling limits 

Since the intersection of fivebranes in the Taub-NUT space is realized in very different fashions 
depending on the value of r, it will bring us different descriptions of the Z2N C -N f symmetric and 
maximally degenerate theory. There appear two regions of the fundamental domain JF where 
the intersection is qualitatively different from each other. These two regions are separated by 
the semi-circle L. So, we can expect, at least, two completely different descriptions of the 
theory. 

To determine the massless spectrum of each description, we will take the weak coupling 
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limit in terms of the bare coupling constant r or its dual f = — 1/r. We first consider the case 
of the original "electric" theory. Let m in ( |3.13| ) be a function of r with a fixed constant tp — A. 
In the weak coupling limit (r —>■ zoo) of the configurations, 2N C — Nf sixbranes are naturally 
decoupled and curve ( [3.11| ) becomes 

Note that lim^joo h(r) = 0. This degenerated curve describes the baryonic branch root of the 
AF theory with color SU(N C ) and Nf flavor. It exactly agrees with [|K|. This is nothing but 
the desired original "electric" theory! At this baryonic branch root of the "electric" theory, the 
gauge symmetry is broken to SU(Nf — N c ) x U(l) 2Nc ~ Nf . Due to the degeneration of the curve 
there appear 2N C — Nf mutually local massless hypermultiplets. Each of them is charged under 
only one U(l) factor. Thus all massless fields appear as the magnetically charged solitonic 
states. 

Next we examine the weak coupling limit of the dual bare coupling constant f = —1/r. 
This limit f — > zoo corresponds to the limit r — > of the original bare coupling constant. 
So we must examine the region \t\ < 1. The intersection of two fivebranes is circles which 
surround the extra 2N C — Nf sixbranes. The radius of these circles vanish in this limit. Let 
us pay attention to these small circles. In the Taub-NUT space they give rise to two-spheres 
surrounding the sixbranes and confined by the two fivebranes. These two-spheres consist of the 
circles and the disks in the fivebranes inside their intersection. Mathematically speaking, what 
we obtain here is not a two-sphere but a punctured two-sphere. This is because the sixbranes 
are the NUT singularities in the Taub-NUT space and there exist Dirac strings running from 
the sixbranes. Two-spheres obtained above must have intersections with these Dirac strings 
since they are surrounding the sixbranes. 

On the other hand, if we look at only one side of the fivebranes, the radius of circles is 
also considered roughly as thickness of the fivebrane which stretches from major part lying at 
asymptotic position toward the sixbrane. So, in the limit r — > the stretching part of the 
fivebrane becomes very fine. Moreover, due to aforementioned puncture on the fivebrane, this 
stretching part can be thought to wrap the eleventh-dimension. Then this part becomes D 
fourbrane stretching from NS fivebrane and touching the D sixbrane in Type IIA theory^. (See 



'More detailed analyses are presented in |28| p9| . 
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Figure 7: Sections of the intersecting two fivebranes. Dots represent the sixbranes. A limit to the 
left (r — > zoo) describes the baryonic branch root of SU(N C ) theory and a limit to the right (r — ► 0) 
describes the baryonic branch root of SU(Nf — N c ) theory. 

Fig-0.) 

This observation can be also confirmed from the curve. In the limit r — ► 0, it holds 
lim T ^o m 2Nc - N f{r) = A 2N ^ N f . So curve (|3TT| ) becomes 



y 2 _ 2v N f -N c{v 2N c -N f _ A 2N C -N f)y _ ^ + 2)// ( y 2N c -N f _ A 2N c ~N f) = Q 



(3.22) 



This describes the finite theory whose 2N C — Nj D sixbranes and D fourbranes are at the same 
position on f-plane and touching each other. 

The massless spectrum which we can read from the above limit of the configurations are as 
follows: 2N C — Nf massless singlet hypermultiplets obtained from the open string connecting 
the extra 2N C — Nf D sixbranes and the D fourbranes touching them. These hypermultiplets 
appear now as the elementary states. So the configuration itself describes the dual "magnetic" 
theory. 

In both limits, r — * ioo and r — ► 0, same massless spectrum appears, but in different 
fashions. Namely they appear as massless solitonic states due to the monopole singularity or 
massless elementary states due to the quark singularity. 



3.4 Brane exchange 

We have seen the massless spectrum of the configuration at the boundaries of their moduli 
space, that is, r = zoo and r = 0. Now consider a path in the moduli space which connects 



these two boundaries. In the region |r| > 1 the asymptotic positions of two fivebranes for large 
\v\ can be read from ( |3.16| ) 

> = lnWr)+2|, 

These asymptotic positions coincide with each other on the semi-circle L, since the relative 
distance of the asymptotic positions satisfies 



Ab as = ln 



h(r) + 2 



-h(r) 



ln 



A(r) 



A(r) 



0, (3.24) 



if \t\ = 1. And obviously two positions are exchanged under the S'-dual transformation r — > 
— 1/r. Therefore one can say that, if r moves continuously from one region to another across 
the semi-circle L, the asymptotic positions of two fivebranes are passed each other on L and 
exchanged. 

As we have seen, this brane exchange also exchanges the solitonic states with the elementary 
states. Moreover, the degeneracy of the curve at the origin of v-plane, which only relates to the 
moduli space of the baryonic branch, is not affected by this exchange of branes. Therefore the 
baryonic branches realized in each region are exactly the same, that is, the baryonic branch of 
SU(N C ) MQCD with N f flavors is isomorphic to that of SU(N f - N c ) MQCD with N f flavors. 
Thus, instead of broken SL(2, Z)y symmetry, there exists another SL(2, Z) symmetry for the 
baryonic branch, that is, the moduli space of vacua for the hypermultiplets. 

This situation is very similar to the explanation of Seiberg's non-Abelian duality in N = 1 
SQCD by the exchange of Type IIA brane configurations. So if we rotate the above N = 2 
MQCD configuration and break the supersymmetry to AT = 1, it will give a proof of the N = 1 
non-Abelian duality via M-theory 
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Appendix 



A The multi Taub-NUT metric as a Kahler metric 



The multi Taub-NUT space is asymptotically flat and looks near infinity like R 3 x S l . If we 

set the coordinates (f,cr) = (x l , x 2 , x 3 , a) G R 3 x S 1 , where a is periodic (0 < o < Att), the 

metric is given by [[H|] 

d s 2 = -df 2 + —(da + u-df) 2 , (A.l) 

4 4 V 

where 



v=i+y: 



8=1 



r — Ti 



(A.2) 



and fj is a position of the j'-th monopole in R 3 . uj is the Dirac monopole potential, which 

satisfies 

V x Q = W. (A.3) 



A particular solution of eq.( |A.3| ) can be chosen as 

0. 



(J 3 



Ed 
.7=1 






J— 1 r— r*j Kx 1 — a; . — |r— fj\) ' 
■^i=l \r—rj\(x 1 —x 1 . — \r—rj\) ' 



(A.4) 



Let us first substitute this solution for u ■ df in metric ( |A.1[ ), 

1 6 — 6j + \f — fj 



<jj 



dr '= Im y^ 



J= n r - r il 



i> — e,- 



-cfa; , 



(A.5) 



where b = x 1 G R and t> = x 2 + ix 3 G C. The position of the j-th monopole is rewritten in this 
coordinates as fj i— > (6j, e.,). We also define the following quantities for later convenience: 



Aj = \f-fj\ 



Then ( |A.5| ) simply becomes 



= ^(b-b^ + lv-e.l 2 , 
s s ^ 1 (6-M + Aj 

lo ■ df— lra(5dv). 



(A.6) 



(A.7) 



(A. 
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Next we introduce the quantity 

d 

y = Ce- {b+la)/2 H(-b + bj + Aj) 1/2 , (A.9) 

3=1 

where C is some constant. After some straightforward calculation we can find 

~"" -Vdb-ida + Re(5dv). (A.10) 



y 

Using eq. (|A.10| ) the following equalities can be shown: 



2 / /„ , \ \ 2 



?*-«„ H^-Atol = Re»- f * +h *-» 



y /) { \ y 

r2jl2 



V 2 db 2 + {da + lm(5dv)} 2 . (A.ll) 



Finally, inserting eq.( [A.8 ) into metric ( |A.l ) and rewriting it using eq.( |A.ll[ ), the multi 



Taub-NUT metric acquires the form of a Kahler metric: 

ds 2 = j(db 2 + dvdv) + ^-{da + lm(Sdv)} 2 (A.12) 

= 7**' + iV(T- M ")(v- M ")' (A ' 13) 

B Integrals on vanishing two-cycles in the multi Taub- 
NUT space 

A vanishing two cycle Cj between two monopoles at (bj, Sj) and (bj+i, e^+i) can be represented 
in (6, w)-space as a line 

b = \{b j+1 -bj) + bj, 



B.l 



u = A(e i+1 -e i ) + e j , 



where A is a real parameter, < A < 1. Let y(X,a) be a function defined by restricting y on 
Cj, that is, y(X, a) = y\c r Using the explicit form ( |A.9|) of y, y(X,a) turns out to have the 
form: 

y(X,a) = e-^ 2 f(X), (B.2) 

where a function /(A) is independent of a and satisfies /(0) = /(l) = 0. 
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Integrals of the holomorphic two-form Q on Cj become as follows: 

Q — - dv Ad\ny(X, a) 

= 7( e i+i- e i) / dX / da 
4 Jo jo 

= ir(e j+1 -ej), (B.3) 

while integrals of the Kahler two-form are slightly entangled: 



u = -, i^.ftfcU (**-«; 



c,- 4 jcj , v v y J \ y 

i r I 

- I — {Vdb + ida + ilm(Wu)} A {Vcft - ida - ilm(Sdv)} 

1 



, {d& A do- + lm(8dv) A d6} 

2 JCj 

= - / db A da 

2J Cj 

= 2n(b j+1 -bj), (B.4) 

where we use the fact that lm(8dv) A db vanish on Cj. 
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